The influence of the plasticity yield surface on the development of instabilities in plane plates in biaxial loading is analyzed in order to understand and simulate the localization pattern observed in an expanding hemisphere experiment. First, a criterion for the activation of slip bands is formulated in the form of a critical hardening coefficient: it is particularized to the Von Mises and Tresca surfaces. In the Von Mises case, the criterion gives a strongly negative hardening coefficient in biaxial loading conditions different from the ones of plane strain. In the Tresca case, the criterion is fulfilled for a perfectly plastic material in uniaxial and biaxial loading; besides, in equi-biaxial loading, two possible orientations for slip bands are exhibited; this can be understood, with a few approximations, by the existence of a vertex point on the Tresca yield surface which give additive degrees of freedom for the direction of the plastic strain rate. Second, the development of localization in the loading conditions met in an expanding hemisphere experiment is simulated using both plasticity yield surfaces; whereas the Von Mises simulation does not localize, the Tresca simulation exhibits a pattern composed of a network of shear bands of different orientations; this pattern is not far from the pattern observed experimentally.
Introduction
Localization phenomena are usually observed in plane plates in tension, in every part where the loading is locally equivalent to uniaxial or even biaxial stretching in the plane of the plate; it takes the form of necking instabilities or a network of shear bands and generally leads to the fragmentation of the plate. In uniaxial loading, they usually form lines perpendicular to the direction of tension on the surface of the plate whereas in equi-biaxial loading they usually form a pattern which is globally isotropic.
The initiation and growth of these localizations is well understood and justified in stress states varying from uniaxial tension (in the plane of the plate) to the one met in plane strain conditions; however, neither the simulations nor the analytical developments usually display them in states between plane strain and biaxial tension.
The appearance of localization is supposed to be linked to the development of instabilities of the homogeneous elasto-plastic deformation of the plate. In quasi-static loading, instabilities are usually analyzed as bifurcations of the velocity field, that is to say the loss of uniqueness of the response of the structure to an increment of loading: the solution corresponding to an homogeneous strain rate is no longer the unique one and there exists a family of heterogeneous solutions presenting the shape of the localization structure. One of these families is the one of bands of localization and it was proved that, in some cases (associative plasticity and boundary conditions in displacement on the whole outer surface), this is the first one to appear as soon as the conditions of uniqueness are violated (Bigoni and Hueckel, 1991) .
The early work of Hill (1952) analyzed the development of bands in a thin sheet in a framework of generalized plane stress in quasi-static loading conditions. With a rigid plastic material possessing the classical Von Mises yield surface and obeying the normality rule, he predicts the development of localized necking in loading conditions between uniaxial stress and plane strain but not those between plane strain and equi-biaxial stress.
Recent works tried to justify the development of localization in biaxial loading by modifying the plasticity model of the material: most of these works introduce deviation from the normality rule or coupling of plasticity with damage, which both allow the existence of bifurcation conditions in biaxial loading. In the first case, the Von Mises yield surface is kept but the plastic flow is ruled by the so-called ''J2-deformation theory" of plasticity (which admits that the total plastic strain is constantly collinear to the stress deviator) or any other flow rule which introduces a component of the plastic strain rate collinear to the time derivative of the stress deviator; Storen and Rice (1975) and Needleman and Rice (1978) showed that such models are approximate representations of normality rule applied in yield surface vertices caused for example by the activation of several slip systems in grains; the use of them gives localization in biaxial tension (Hutchinson and Neale, 1978) . Other types of deviations from the normality rule 0020-7683/$ -see front matter Ó 2010 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr.2010.06.020 are suggested; one of them is a small dependence on pressure of the yield surface introduced by Rudnicki and Rice (1975) but which rather applies for rock mechanics. In the case of metals, another deviation to the normality rule is introduced in the plasticity of single crystals by Asaro and Rice (1977) : a slight correction to the Schmid law linked to the activation of cross-slip. Both papers exhibited a critical hardening rate for localization higher than in the normality case, particularly in biaxial loading.
In the second case, the coupling of plasticity with damage is governed by the Gurson model (Gurson, 1977) which describes the plastic flow of a porous medium; this leads to a modified yield surface depending on hydrostatic stress and allowing for volume deformation and a softening effect of damage. Although the physical meaning is quite different, Yamamoto (1978) showed that the global stress-strain relation is the same form as the one of Rudnicki and Rice and the conditions for localization are qualitatively identical. Becker (2002) also developed bifurcation conditions with the Gurson model and applied them to the case of uniaxial stress to predict the fragmentation of an expanding ring; he obtained quite satisfactory results.
In dynamic loading conditions, instabilities are associated to the existence of perturbations of the homogeneous deformation field growing indefinitely with time. At the beginning of the process, so long as the instabilities are sufficiently small compared to the average homogeneous velocity field, the question is treated in linear stability analysis. This approach was first developed by Shenoy and Freund (1999) , Mercier and Molinari (2003) , and later by Granier et al. (2007) for necking instabilities with an assumption of decoupling between the time scale for the growth of the perturbation and the characteristic time of the mean strain field; they studied a plate of finite thickness but loaded with a constant stretching velocity in one of its two principal dimensions. It was recently extended to the case of biaxial tension by Jouve (2010) who exhibited a very quick decrease of the growth rate of the perturbation for a small stretching velocity in the second principal direction (a few percent of the one in the first direction).
In this work, we tried to analyze the influence of the shape of the plasticity yield surface on the localization process, by simply developing the results given by the Von Mises and Tresca surfaces; these are then compared to experimental results and numerical simulation. More precisely, the normal corresponding to simple shear and the existence of vertices on the yield surface (which gives additive degrees of freedom for the plastic strain rate) for the Tresca case, is shown to favor localization in biaxial loading. This is confirmed by the numerical simulation of the localization process in an hemisphere expansion geometry and in quite good agreement with the experimental observations. In Section 2, a criterion is exhibited for the activation of a band of localization in small strains and quasi-static loading, in a homogeneously deformed elasto-plastic solid of infinite extent, for states of stress corresponding to both regular points and vertices on the yield surface: it is then particularized to the Von Mises yield surface and the Tresca yield surface. The case of the stress states encountered in a sheet in biaxial loading is treated. In Section 3, the hemisphere expansion experiment is described and the loading history is simulated with particular attention to the biaxial loading conditions obtained near the top of the experimental set-up. Local simulations of the expansion are carried on with both yield surfaces in order to display the localization process; the results are compared with the patterns observed on the images of the hemisphere.
Bands of localization in biaxial loading conditions
In this section, a bifurcation criterion for the appearance of a band of localization is exhibited for an isotropic elasto-plastic material of infinite extent in small strains and quasi-static loading conditions. A critical strain-hardening coefficient and an orientation for the most favorable bands is formulated as a function of the normal to the yield surface and the case of a yield vertex is analyzed. The results are particularized to the loading conditions met in a plate in biaxial loading, constituted of materials possessing the Von Mises and Tresca yield surface, respectively.
2.1. Localization criterion in plasticity: regular points and vertices of the yield surface
In this work, the appearance of a band of localization is treated as a bifurcation of the incremental solution in plasticity from a homogeneous state of loading: let us suppose that there are two velocity fields u 1 and u 2 which are both solutions of the relation of equilibrium and which differ by a simple glide in a band of small thickness. For the sake of simplicity, elastic unloading is excluded for both solutions. The difference between these two fields characterizes the bifurcation and writes in the form:
In Eqs. (1) and (2), x is the position, N is the normal to the band and M is the direction of glide; N and M are supposed to be normalized vectors. When N and M are orthogonal, the strain associated with the bifurcation corresponds to simple shear (the band is a ''shear band"), which is always the case when the material is incompressible. In the following, the elastic compressibility of the material is taken into account and the bifurcation may have a slight tension component (in other words, M may have a slight component in the N direction).
The strain rate associated with the bifurcation is:
where
In Eq. (3), {a} S denotes the symmetric part of a tensor a.
The equilibrium equation applied to both solutions gives the following relation for the rate of stress D _ r associated with the bifurcation:
Let us suppose that the incremental stress-strain relation is written in the form:
In Eq. (6), the modulus L may depend on the state of stress r.
The possibility to activate a band of normal N is equivalent to the loss of positive-definiteness of the so-called ''acoustic" tensor and the direction of glide satisfies:
In Eqs. (5)- (7), the current configuration is taken as the reference one. The rate of change of the nominal stress tensor, of the Cauchy stress tensor, and the Jaumann derivative of the Cauchy stress are supposed equal: this approximation is justified if the strain and rotation increments are small and the stresses are significantly smaller than the incremental moduli.
Let us now consider an elasto-plastic material; the strain is written as the sum of an elastic and a plastic part and the elastic behavior is isotropic:
r ¼ KTrðe
In Eq. (9), K and G are, respectively, the Lamé and shear moduli. The plasticity yield surface writes in the following form in the stress space, with a function F depending on the shape of the surface and an internal state variable a characterizing the strain hardening:
The material is supposed to obey the normality rule:
In Eq. (11), n is the normal to the yield surface (which is defined in regular points) and the function F is chosen in such a way that n is normalized (n:n = 1). We suppose that the internal state variable characterizing the strain hardening is the time integral of the plastic multiplier _ k and H is the strain-hardening coefficient (H can be positive or negative depending on whether the material is strain hardening or strain softening):
In this case, so long as elastic unloading is excluded, the consistency condition writes:
It gives the following relation for the plastic multiplier:
And the following incremental stress-strain relation:
The activation of a band is now considered such that elastic unloading is excluded in both the homogeneous and bifurcated solution; condition (7) then writes in the form suggested by Rice (1976) :
With:
In these relations, the parameter C characterizes the compressibility of the material:
The condition for the existence of a band is fulfilled when:
The glide direction M is collinear to a(N). Eq. (17) gives a limit hardening coefficient for each possible normal N (Rice, 1976):
The first band to develop when H is decreased has the normal N for which H lim (N) is maximum. The associated hardening coefficient H loc and orientation of the bands N loc are functions of C and of the normal to the yield surface n in the reference state of stress.
Let us now consider a yield surface with vertices. In the neighborhood of such points, the surface can be seen as an intersection of two (or eventually more than two) regular yield surfaces defined by two functions F 1 and F 2 having normal n 1 and n 2 , respectively. These surfaces would represent for example two plastic deformation mechanisms. The normality rule in the vertex point implies that the plastic strain rate is a sum of components on n 1 and n 2 :
The time integral of the plastic multipliers are supposed to be the internal state variables a 1 and a 2 for strain hardening:
The dependence of F 1 and F 2 on a 1 and a 2 define coefficients for ''self-strain-hardening" (H 11 and H 22 ) and ''latent strain-hardening" (H 12 and H 21 ):
This situation could be encountered for example in a single crystal with such a state of stress that two glide systems are potentially activated. The two consistency conditions give the following relations for the two multipliers:
with m = n 1 :n 2 the scalar product of the two normal tensors in the stress space. The inversion of this linear system in _ k 1 ; _ k 2 leads to the following stress-strain relation:
Let us consider a bifurcation such that the two deformation mechanisms are activated in both the homogeneous and bifurcated solution (in other words, the homogeneous and bifurcated state of stress remain on the vertex). The condition (7) writes in the following form: M ¼ m 1 a 1 ðNÞ þ m 2 a 2 ðNÞ ð 25Þ
The two coordinates m 1 and m 2 satisfy the system:
With: The condition for the existence of a band is:
It gives a relationship between the various hardening coefficients H ij /2G, the compressibility C, the normal tensors n 1 and n 2 and the normal N to the band. Let us now suppose that the self-strain-hardening coefficients are the same, the latent strain-hardening coefficients are also the same and the rate between the ones and the others is fixed constant:
In this case, relation (27) gives a limit hardening coefficient for each possible normal N (for the sake of conciseness, a i and b i are written instead of a i (N) and b i (N)):
Biaxial loading and Von Mises yield surface
Let us now consider the loading conditions met in a plate of finite thickness in biaxial traction (Fig. 1) . We are looking for bands of localization with widths an order of magnitude smaller than the plate thickness, so that this one can be locally approximated by an infinite medium. The stress tensor and stress deviator are uniform and write in the principal axes:
The biaxiality rate is defined by d = s yy /s xx ; it can be easily seen that it varies from (À1/2) to 1 when r yy /r xx varies from 0 to 1 (uniaxial traction to equi-biaxial traction). The Von Mises yield surface is defined by the following function F (written in such a way that n = oF/or is normalized):
The normal is collinear to the stress deviator: (Fig. 2 ).
H lim (N) is given by relation (18) and it can be proved that the first bands have their normal N loc in the (x, z) plane which contains the minimal and the maximal of the principal stresses. The orientation of N loc with the x-axis (see Fig. 1 ) and the associated hardening coefficient H loc are functions of the biaxiality rate d: they are plotted in Fig. 4 for several values of the compressibility C. It can also be proved that the glide direction M loc is the symmetric of N loc by the x-axis (as shown in Fig. 1) .
The case d = 0 is the most favorable with hardening coefficient 
Tresca yield surface
The Tresca criterion applies on the maximum shear stress and F is a function of the maximal and the minimal among the principal stresses.
Let us first consider the case when À1/2 < d < 1. These two stresses are r xx and r zz , respectively. The function F and normal n to the yield surface are (defined in such a way that n is normalized):
In the case when the change in principal directions can be neglected (we admit that this is the case for both the homogeneous and bifurcated solution), the yield surface is regular and the normal n is a constant:
It is such that the plastic strain rate corresponds to simple shear in the (x, z) plane, with orientation h = 45°from the x-axis.
The yield surface and the two components _ (Fig. 3) .
It comes from relation (18) that the first bands also have their normal N loc in the (x, z) plane, with orientation h = 45°and the
associated hardening coefficient is H loc = 0 for any value of the biaxiality rate d (provided that À1/2 < d < 1) and of the compressibility C; the mode of localization corresponds to simple shear.
Thus, the localization is much easier than in the Von Mises case. The comparison of the Tresca and Von Mises cases is plotted in Fig. 4 and the orientation of the bands is schematized in Fig. 5 . Let us now take the case when d = 1 (equi-biaxial traction); it corresponds to a singular point on the yield surface: there is exactly an infinity of principal axes in the (x, y) plane and the problem is invariant by any rotation around the z-axis. The state of stress would belong to an infinity of yield surfaces defined by any unit vector g in the (x, y) plane:
In the following, we approximate the Tresca surface in equibiaxial conditions by the intersection of two surfaces defined by the functions:
In the case when the change in principal directions can be neglected, the two normal tensors are, respectively:
The normality rule implies that the plastic strain rate is a sum of components on n 1 and n 2 as shown in Fig. 3 . The strain hardening is isotropic and thus, there is only one internal state variable a, the rate of which can be written without loss of generality as the sum of the two plastic multipliers:
With the notations of Section 2.1, the strain-hardening coefficients are all equal: H 11 = H 22 = H 12 = H 21 = H. Fig. 6 for all orientations of N (identified by angles h and u).
For every orientation N, H lim (N) is given by Eq. (29) withm ¼ 1. H lim (N) is plotted in
The first bands corresponds to H loc = 0 and h = 45°, u = 0 and h = 45°, u = 90°; they are two families of shear bands oriented 45°i n the (x, z) and (y, z) plane, respectively. Nevertheless, the number of possible orientations of bands is obviously linked to the number of yield surfaces taken into account in the vertex point of the Tresca surface: we can guess that there is in fact an infinity of bands which can be obtained by rotation of the former ones around the z-axis, which would be coherent with the symmetry of the problem.
Finally, the equi-biaxial case gives the same limit hardening coefficient as the other cases but it also gives a multiplicity of band orientations.
The case of uniaxial stress (d = À1/2) would be identical with two families of bands oriented 45°in the (x, y) and (x, z) plane, respectively, and, when all glide systems are taken into account, we would obtain an infinity of bands by rotation of the former ones around the x-axis.
Localization in an expanding hemisphere
In this section, we test the capability of the Von Mises and Tresca yield surfaces to reproduce the localization observed in an expanding hemisphere experiment. The parallel between the numerical results and the analytical ones of Section 2 are also underlined, even though the loading conditions are not strictly the same: the expanding hemisphere has a finite thickness and the strain rates are such that dynamic effects cannot be ignored.
Experiment
The hemisphere experiment is a test performed in order to validate elasto-plastic models in large strain and high strain rate loading conditions; but it is also a good test to display localization in biaxial loading. In this experiment, developed in CEA/Valduc (Buy and Llorca, 2001 ), a spherical shock wave generated by the explosive is transmitted to a sphere of the studied material through a steel core (Fig. 7) ; the sphere, which just lies on a steel bottom, separates from the core little time after the arrival of the detonation wave on the free surface and deforms during a free flight expansion: in this phase, so long as the sphere thickness is small compared to its radius, the loading conditions are not far from those met in a sheet in biaxial traction, except near the boundaries. Elasto-plastic instabilities can develop. Free surface velocity measurements and images of the shell are performed during the expansion; fragments are recovered after the experiment.
The experiment presented here was realized with a tantalum shell of 50 mm radius and 3 mm thickness, the velocity measurements exhibit a slowly decreasing expanding velocity and the absence of spalling phenomenon (Fig. 8) . According to the camera images, instabilities first appear at about 15°from the bottom forming lines parallel to meridians which propagate towards the top of the shell. A second network develops independently since t % 75 ls around the top, forming a sort of ''pavement". Fig. 9 exhibits these two types of instabilities even though the second one is less clear than the first one. After the experiment, five large fragments were recovered, which means that not every instability leads to a line of fracture; these fragments exhibit an important amount of deformation (Fig. 10) .
Simulation of the expansion
In the two following paragraphs, we try to reproduce the localization observed in the hemisphere experiment. We concentrate on the phenomenon observed in the top part of the shell, although it is not the first one to appear; as we will see further, this part of the shell is submitted to homogeneous equi-biaxial loading slowly varying with time, whereas the part near the bottom is submitted to a non-stationary loading due to the release waves coming from the free surface, which makes the analysis more difficult.
The way to reproduce the development of localization is to carry on a tri-dimensional simulation of a plane plate in equi-biaxial traction, representing approximately the area near the top during the shell expansion; this local simulation has to be initiated at a time t 0 preceding the appearance of the localization phenomenon in the experiment. In this purpose, a global simulation (in axi-symmetric conditions) of the shell expansion is first carried on in order to display the average loading conditions near the top and give initial conditions for the local simulation.
This approach is developed with both the Von Mises and Tresca yield surfaces. The simulations are achieved with the SteinbergCochran-Guinan (SCG) elasto-plastic model for tantalum; the coef-δ δ ficients of the model are given in Table 1 (the coefficients for the shear modulus are those given by Steinberg et al. (1980) ). The melting temperature is evaluated with the Lindemann law with coefficients given in 
It is extended to the Tresca surface in such a way that the Von Mises and Tresca flow stresses are equal in uniaxial stress (one could easily prove that they are also equal in equi-biaxial stress); so, the Tresca surface is defined by Eq. (26) of Section 2.3 with
The shell is meshed with 20 elements in thickness, each having a 1/2-degree amplitude in angular width.
The simulated shapes of the shell obtained in the Von Mises and Tresca cases are identical at the beginning of the expansion. They remain almost the same except that the Tresca simulation exhibits a beginning of necking at a time t % 80 ls; nonetheless, we chose not to analyze this necking pattern further since the axi-symmetric conditions are not able to catch the localization modes observed experimentally and we decided to stop the Tresca simulation at t = 80 ls.
The free surface velocity measurements are compared with the experimental one in Fig. 11 at the beginning of the expansion. The two simulated profiles are also identical and very close to the experimental one.
The components of stress and strain rate are evaluated in the local coordinate system (see Fig. 12 ) in the middle of the thickness, as functions of the angular position. The two tangential components of the strain rate tensor D and the three components of the stress tensor r are plotted at different times (Figs. 12 and 14 and Figs. 13 and 15, respectively) .
The two global simulations give slightly different results. For the Von Mises simulation, the loading conditions are such that r tt = r zz in a whole area near the top (Fig. 13) ; the normal stress r nn tends to zero with time but its amplitude is not negligible until at least 70 ls, due to remaining stress waves propagating in the Fig. 8 . Free surface velocity measurement on the top of the shell. Fig. 9 . Instabilities on the tantalum hemisphere at a time t % 140 ls. Fig. 10 . Fragments of the tantalum hemisphere recovered after the experiment.
Table 1
Coefficients for the Steinberg law for the elasto-plasticity of tantalum. Table 2 Coefficients for the Lindemann law for the melting temperature of tantalum.
T m0 (K)
C 0 a 4340 1.67 1.3 Fig. 11 . Free surface velocity on the top of the shell -experiment and simulation.
thickness; nonetheless, the loading is not far from the equi-biaxial loading of Sections 2.2 and 2.3. When moving along the shell, the two components r tt and r zz separate progressively and uniaxial stress conditions are reached at the bottom (r tt = r nn = 0 and r zz -0). The two strain rates D tt and D zz are also equal near the top and separate for approximately the same position as r tt and r zz (Fig. 12) . The extension of the ''quasi" equi-biaxial area decreases with time as the release waves coming from the bottom move along the shell (they reach the top at a time t % 110 ls): as a consequence, the parts of the shell at intermediate angular positions are characterized by a biaxiality rate d = s tt /s zz changing with time. Moreover, in the ''quasi" equi-biaxial area, the r tt ,r zz and r nn profiles are almost parallel which means that the stress deviators s tt , s zz and s nn are almost uniform.
In the Tresca simulation, the components of the stress tensor r tt and r zz are also equal near the top (Fig. 15) ; the normal stress r nn keeps an amplitude comparable with the one obtained in the Von Mises case. On the other hand, the components of the strain rate tensor D tt and D zz exhibit a more oscillating profile (Fig. 14) . When moving along the shell, r tt and r zz separate abruptly and, at the same time, D tt falls to nearly zero, just as if, in a whole area near the bottom, the material expanded in plane strain conditions. The extension of the ''quasi" equi-biaxial area also decreases with time.
The aspect of all these curves can be understood by coming back to the Von Mises and Tresca yield surfaces of Figs. 2 and 3 with r zz and r tt instead of r xx and r yy , respectively. In the experiment, the elastic strain rate is much lower than the plastic strain rate, so the total and plastic strain rates are nearly equal (D % D p ). The continuous evolution of D tt and D zz in Fig. 10 is coherent with the smoothness of the Von Mises yield surface. In Fig. 14, the oscillations of D tt in the equi-biaxial area can be linked to the vertex point on the Tresca surface and the non-uniqueness of the normal n; the abrupt fall of D tt when r tt and r zz separate is also coherent with a normal n corresponding to simple shear in the (n, z) plane (thus D p tt ¼ 0). Moreover, the evolution of the flow stress with time is analyzed in the top point of the shell (it is plotted in Fig. 16 for the Von Mises case but the Tresca case gives exactly the same curve): in spite of fluctuations linked to the shock and release waves propagating just after the detonation reaches the shell, the flow stress first increases due to strain hardening and then decreases when thermal softening becomes important, the maximum being reached at a time t % 55 ls which corresponds to an equivalent plastic deformation e p eq % 0:44. After this time, the conditions are fulfilled for the appearance of instabilities due to material behavior according to the results of Section 2.
However, the oscillations of D tt and the existence of a vertex point for the Tresca surface in equi-biaxial stress may ask the question of the well-posedness of the mechanical problem before the instability condition of Section 2.1 is reached: let us remember that this condition is established in an hypothesis of a stress state remaining on the vertex for both the homogeneous solution and the bifurcation. Small perturbations of the stress state around the vertex on either of the two crossing surfaces may lead to different conclusions since the deformation paths are not the same as the one on the vertex. The question might be whether or not a pertur- bated stress tends to come back to the vertex point. One could imagine that this is a point of ''stability" due to the equality of r tt and r zz in Fig. 15 , in the condition that it is not an artifact of the algorithm for projection of r on the yield surface. Anyway, the issue shall be studied in a future work but here we make the hypothesis that the global simulation nevertheless gives correct initial conditions for the localization study.
Local simulations of localization
Simulations of localization are carried out by representing the part of the shell around the top as a piece of a plane plate loaded in equi-biaxial traction (Fig. 17) ; these local 3D-simulations are initiated at the time t 0 = 50 ls of the shell expansion since, before this time, the material behavior is stable with the model (cf. Fig. 14 ) and the localization pattern has not developed in the experiment. A constant velocity is imposed on the boundaries in such a way that the initial strain rates are equal to the ones in the shell at t 0 .
Two simulations are performed with the Steinberg-CochranGuinan (SCG) plasticity model and the Von Mises and Tresca yield surfaces; they are initiated with conditions equivalent to the ther- mo-mechanical state in the shell at t 0 . Initial stresses are also introduced in such a way that the deviatoric stresses s tt ,s zz and s nn are those met in the shell at t 0 and that the normal stress r nn is 0. The Von Mises and Tresca simulations give very different results. The simulation with the Von Mises yield surface never exhibits localization, at least in times comparable to the time of the experiment (the map of plastic strains in the average plane shows no more than small fluctuations, the amplitude of which is the same order as the one of the initial noise, see Fig. 18 ).
On the contrary, the simulation with the Tresca surface exhibits localization in a pattern which looks like a network of shear bands in the thickness of the plate (seen on the cross-section y = L 0 /2 given at the time t = 100 ls of the shell expansion in Fig. 19a) . The most pronounced bands are oriented about 45°from the axes, but there seem to be some lines with other orientation. The traces of these bands on the average plane z = 0 form a ''pavement" which does not exhibit a particular orientation (Fig. 19b) . This result could be linked to the existence of two families of shear bands, with normal oriented 45°in the (x, z) and (y, z) plane, respectively, in the bifurcation analysis of Section 2, although the loading conditions are not exactly comparable as it has been said before.
Moreover, these bands form elementary patterns the size of which is about 1 or 2 mm (Fig. 19b) . Among them, some deform more than the others forming larger patterns of about 10 mm. These patterns, which of course cannot be displayed in the analysis of Section 2 in a medium of infinite extent, have similarities with the experimental observations: a more precise analysis of the images of the experiment displays patterns the size of which is about 12 mm (Fig. 20) . Moreover, micrographs of sections of the recovered fragments show localization zones (with elongated small grains) oriented approximately 45°from the average plane (Fig. 21) . The profiles of the simulated plate in Fig. 19 are given at the time t = 100 ls of the shell expansion which is later than the time at which the ''pavement" is observed in the experiment. However, as is usually stated in the simulation of shear bands, the time of development and the band thickness are dependent on the mesh size; simulations with smaller meshes exhibited iden- tical sizes for the patterns but shorter times for localization with no real convergence as the mesh is refined indefinitely; the existence of a finite growth rate and finite thickness would require the introduction of diffusive effects (visco-plasticity, thermal conductivity, etc.) in the constitutive relations of the material.
Conclusion
The purpose of the present study was to display the prominent influence of the shape of the yield surface on the localization process in biaxial loading conditions, by both analytical developments and numerical simulation of a localization experiment. Moreover, the existence of yield surface vertices was shown to favor localization by giving additional degrees of freedom for the localization modes in the structure. In a first part, a criterion for the development of bands of localization is established in small deformation and quasi-static loading conditions in the form of a limit hardening modulus. This modulus is a function of the normal to the yield surface, the band orientation and the elastic moduli of the material: an orientation for the first band to develop when the hardening modulus decreases (with saturation of strain hardening) is deduced. The approach is extended to stress states in which the yield surface has a vertex point. The results are applied to the Von Mises and Tresca yield surfaces, showing that the latter gives localization for a null hardening modulus for both uniaxial and biaxial loading whereas the former needs a negative one in biaxial loading. The existence of two families of shear bands in equi-biaxial loading with the Tresca yield surface is also exhibited. In a second part, the comparison is done between experiment and simulation for the localization process in a expanding hemisphere geometry. The localization phenomenon observed in the upper part of the hemisphere, which is submitted to loading conditions close to equi-biaxial traction, is simulated using both the Von Mises and Tresca yield surface; in the first case, no localization is exhibited in the simulation but in the second case, it shows the development of a network of shear bands forming a pattern the size of which is the same order of magnitude as the one observed on photographs of the experiment. Moreover, although the two properties are not strictly equivalent from a mathematical point of view, there seems to be a parallel between the existence of bands of localization (as modes of bifurcation) in quasi-static loading and the instabilities developing in dynamic loading.
The comparison between experiment and simulation is thus better when using the Tresca yield surface than the Von Mises one although there is no real physical reason to justify the former one. In poly-crystals, it is usually admitted that the constraints linked to the compatibility of the deformations between the different grains tend to regularize the yield surface and eliminate vertex effects due to the existence of several glide systems in each monocrystal. On the other hand, after some amount of deformation, it has been shown by poly-crystal plasticity models that vertices could develop due to the difference in hardening of the active and inactive glide systems and the rotation of grains. Anyway, the choice of a yield surface would require further development and a proper mechanical justification. A more accurate comprehension of the physics of plasticity for the considered material is necessary (possible anisotropy, plastic deformation mechanisms including eventually grain rotation, twinning, etc.). Complementary analyses of samples recovered after the fragmentation occurs would also give useful indication on the localization process. samples. He also thanks his colleague D. Jouve for fruitful discussions about the analysis of bands of localization in elasto-plasticity.
